Laminar forced convection in two-dimensional rectangular microchannels and nanochannels under hydrodynamically and thermally fully developed conditions is investigated analytically in the slip-flow regime. Closed-form solutions for fluid friction and Nusselt numbers are obtained by solving the continuum momentum and energy equations with the first-order velocity slip and temperature jump boundary conditions at the channel walls. An isoflux thermal boundary condition is applied on the heat sink base. The results of the present analysis are presented in terms of the channel aspect ratio, hydraulic diameter, momentum and thermal accommodation coefficients, Knudsen number, slip velocity, Reynolds number, and Prandtl number. It is found that fluid friction decreases and heat transfer increases compared with no-slip flow conditions, depending on the aspect ratios and Knudsen numbers that include the effects of the channel size or rarefaction and the fluid/wall interaction. 
D h
= hydraulic diameter, m f = skin-friction coefficient or friction factor G = volume flow rate, cm 3 ONVENTIONAL heat sinks and heat pipes are unable to handle high heat removal rates. After the pioneering work of Tuckerman and Pease [1] , microchannel heat sinks have received considerable attention, especially in microelectronics. Most of these microchannel heat sinks were water cooled. They could dissipate an extremely high-power density with a heat flux as high as 790 W=cm 2 [1] . These heat sinks do not include slip effect.
In microchannels/nanochannels, the gas flow can be modeled using Navier-Stokes and energy equations using first-order slip-flow and temperature jump boundary conditions. Microscopic effects become more important when the molecular mean free path of the coolant gas has the same order of magnitude as the channel size. Because of these effects, the friction factors decrease and the heat transfer coefficients increase with increase in Knudsen number.
In this study, the fully developed laminar flow is analyzed through rectangular microchannels/nanochannels in the slip-flow regime (0:001 < Kn < 0:1), and closed-form solutions are obtained for friction factors and heat transfer coefficients in terms of the channel aspect ratio, Knudsen number, Reynolds number, and Prandtl number.
There is currently no model for predicting corresponding velocity profiles or pressure distribution in the slip regime. Moreover, there is no such model that can be used in other geometries, for example, twodimensional channels and rectangular ducts with different aspect ratios. The objective of the current investigation is to develop a unified, physics-based model appropriate for the slip-flow regime and for two-dimensional channels and ducts.
Literature Review
In the last two decades, the flow and heat transfer in microchannel/ nanochannel heat sinks have become subjects of growing research attention in microelectronics. Although the work on these channels is not new, microchannel heat sinks have received considerable attention after Tuckerman and Pease [1] , especially in microelectronics. Following this work, several experimental, numerical, and theoretical studies on rarefied gas flows in microchannels have been carried out in a wide range of Knudsen numbers with the objective of developing simple, physics-based models. These studies are reviewed in this section.
Harley et al. [2] and, later, Morini et al. [3] [4] [5] presented analytical and experimental studies. In these studies, they investigated the rarefaction effects on the pressure drop through silicon microchannels having rectangular, trapezoidal, or double-trapezoidal cross sections. They pointed out the roles of the Knudsen number and the cross-sectional aspect ratio in the friction factor reduction due to the rarefaction and obtained solutions for velocity profiles, friction factors, shear stresses, momentum flux, and kinetic energy correction factors.
Ebert and Sparrow [6] formulated an analytical slip-flow solution for a rectangular channel. They found that the effect of slip is to flatten the velocity distribution relative to that of a continuum flow and that the compressibility increases the pressure drop through an increase in the viscous shear rather than through an increase in the momentum flux.
Inman [7] [8] [9] presented theoretical analyses of fluid flow and heat transfer for laminar slip flow in a parallel plate channel with different thermal boundary conditions. The solutions contain a series expansion and analytical expressions for the complete set of eigenvalues and eigenfunctions for the problems. They obtained expressions for the temperature of the gas adjacent to the wall, the wall heat flux, and the Nusselt numbers for the conduits for various values of the rarefaction parameters. The results indicated that the thermal entrance length is decreased with increasing gas rarefaction and also that for a given mean free path the thermal entrance length is greater for unsymmetrical heating than for a symmetrical wall heat flux.
Colin et al. [10] proposed an analytical slip-flow model based on second-order boundary conditions for gaseous flow in rectangular microchannels. They designed an experimental setup for the measurement of gaseous microflow rates under controlled temperature and pressure conditions. It was shown that, in rectangular microchannels, the proposed second-order model is valid for Knudsen numbers up to about 0.25, whereas the first-order model is no longer accurate for values higher than 0.05. The best fit is found for a tangential momentum accommodation coefficient 0:93, both with helium and nitrogen. Yu and Ameel [11, 12] analytically investigated the laminar forced convection in thermally developing slip flow through isoflux rectangular microchannels. They obtained local and fully developed Nusselt numbers, fluid temperatures, and wall temperatures by solving the continuum energy equation for hydrodynamically fully developed slip flow with the velocity slip and temperature jump condition at the walls. They found that the heat transfer may increase, decrease, or remain unchanged, compared with the no-slip flow conditions, depending on the aspect ratios and two-dimensionless variables that include the effects of the microchannel size or rarefaction and the fluid/wall interaction.
Zhao and Lu [13] presented an analytical and numerical study on the heat transfer characteristics of forced convection across a microchannel heat sink. They used porous medium and fin approaches and investigated the effects of channel aspect ratio and effective thermal conductivity ratio on the overall Nusselt number. They found that the overall Nusselt number increases as the channel aspect ratio is increased and decreases with an increasing effective thermal conductivity ratio. They proposed a new concept of microchannel cooling in combination with microheat pipes and estimated the enhancement in the heat transfer. They conducted two-dimensional numerical calculations for both constant heat flux and constant wall temperature conditions to check the accuracy of the analytical solutions and to examine the effect of different boundary conditions on the overall heat transfer.
Quarmby [14] and Gampert [15] used finite-difference simulations to investigate developing slip flow in circular pipes and parallel plates.
Barber and Emerson [16, 17] examined the role of Reynolds and Knudsen numbers on the hydrodynamic development length at the entrance to parallel plate microchannels. They carried out numerical simulations over a range of Knudsen numbers covering the continuum and slip-flow regimes. Their results demonstrate that, at the upper limit of the slip-flow regime, the entrance development region is almost 25% longer than that predicted using continuum flow theory.
Andrei and Raymond [18] developed a three-dimensional model to investigate the flow and conjugate heat transfer in the microchannel-based heat sink for electronic packaging applications. They solved the Navier-Stokes equations of motion numerically using the generalized single-equation framework. They also developed and validated the theoretical model by comparing the predictions of the thermal resistance and the friction coefficient with the available experimental data for a wide range of Reynolds numbers. Their analysis provides a unique fundamental insight into the complex heat flow pattern established in the channel due to combined convection-conduction effects in the three-dimensional setting.
Arkilic et al. [19, 20] performed analytic and experimental investigations into gaseous flow with slight rarefaction through long microchannels. They used a two-dimensional analysis of the NavierStokes equations with a first-order slip-velocity boundary condition to demonstrate that both compressibility and rarefied effects are present in long microchannels. They reported the tangential momentum accommodation coefficients (TMAC) for nitrogen, argon, and carbon dioxide gases in contact with single-crystal silicon. For all three gases, the TMAC is found to be lower than one, ranging from 0.75 to 0.85.
Beskok and Karniadakis [21] developed simple, physics-based models for flows in channels, pipes, and ducts at microscales for a wide range of Knudsen numbers at low Mach numbers. They proposed a new general boundary condition that accounts for the reduced momentum and heat exchange with the wall surfaces and investigated its validity. They found that, as the value of the Knudsen number increases, the rarefaction effects become more important and, thus, the pressure drop, shear stress, heat flux, and corresponding mass flow rate cannot be predicted from standard flow and heat transfer models based on the continuum hypothesis. They also determined that simple models based on kinetic gas theory concepts are not appropriate either, except in the very high Knudsen number regime corresponding to near-vacuum conditions.
Bower et al. [22] presented experimental results on the heat transfer and flow in small SiC heat exchangers with multiple rows of parallel channels oriented in the flow direction. They analyzed the overall heat transfer and pressure drop coefficients in single-phase flow regimes and found that liquid-cooled SiC heat sinks easily outperform air-cooled heat sinks.
Harms et al. [23] obtained experimental results for a single-phase forced convection in deep rectangular microchannels. They tested single-and multiple-channel systems. All of the tests were performed with deionized water as the working fluid, with the Reynolds number ranging from 173 to 12,900. The experimentally obtained local Nusselt number agreed reasonably well with classical developing channel flow theory. Furthermore, their results show that a multiplechannel system designed for developing laminar flow outperforms the comparable single-channel system designed for turbulent flow.
Hetsroni et al. [24, 25] performed experimental and theoretical investigations on single-phase fluid flow and heat transfer in microchannels. They considered both problems in the frame of a continuum model, corresponding to small Knudsen number. They analyzed the data of the pressure drop and heat transfer in circular, triangular, rectangular, and trapezoidal microchannels. The effects of geometry and the axial heat flux due to thermal conduction through the working fluid and channel walls, as well as the energy dissipation, were discussed. They compared the experimental data, obtained by a number of investigators, to the conventional theory on heat transfer.
Hsieh et al. [26, 27] presented experimental and theoretical studies of incompressible and compressible flows in a microchannel. They used nitrogen and deionized water as working media in their experiments. The results were found to be in good agreement with those predicted by analytical solutions in which a 2-D continuous flow model with first slip boundary conditions is employed and solved by a perturbation method with a proposed new complete momentum accommodation coefficient.
Analysis
The geometry of a microchannel heat sink is shown in Fig. 1a . The length of the heat sink is L and the width is W. The top surface is insulated, and the bottom surface is uniformly heated. The surfaces of the channels are assumed to be smooth. A coolant passes through a number of microchannels along the x axis and takes heat away from the heat dissipating electronic component attached below. The flow in the channels is steady, laminar, and fully developed. There are N channels, and each channel has a height H c and width 2w c . The thickness of each fin is 2w w , whereas the thickness of the base is t b . The fin tips are assumed to be adiabatic. The temperature of the channel walls is assumed to be T w with an inlet water temperature of T a . At the channel wall, the slip-flow velocity and temperature jump boundary conditions were applied to calculate the friction and heat transfer coefficients. Taking advantage of symmetry, a control volume (CV) is selected, as shown in Fig. 1b . The length of the control volume is taken as unity for convenience, and the width and height are taken as w w w c and H c t b , respectively. This control volume includes half of the fin and half of the channel along with the base. The side surfaces AB and CD and the top surface AC of this CV can be regarded as impermeable, adiabatic, and shear free (i.e., no mass transfer and shear work transfer across these surfaces). The uniform heat flux over the bottom surface BD of the CV is q.
Governing Equations
The continuum equations for the conservation of mass, momentum, and energy can be used with slip-flow and temperature jump boundary conditions. Using scale analysis, the axial momentum and energy equations for the control volume shown in Fig. 1b 
The momentum transfer to the channel wall can be expressed in terms of the skin-friction coefficient or friction factor, defined as which gives the Poiseuille number fRe D h for rectangular microchannels/nanochannels in terms of aspect ratio c and the slip-velocity coefficient.
The values of the Poiseuille number are compared with the analytical values quoted by Shah and London [29] and the numerical values given by Morini et al. [4] in Table 1 for the continuum flow (Kn 0). Morini et al. [4] defined the reduction of the friction factor due to the rarefaction effect as follows:
For a fixed cross section, the friction factor reduction has been calculated by comparing the Poiseuille number for an assigned value of the Knudsen number with the value that the Poiseuille number assumes for Kn 0 (i.e., the continuum flow). The friction factor reduction depends on the channel aspect ratio and on the Knudsen number. Table 2 shows the comparison of the present values of the friction factor reduction with the numerical values presented by Morini et al. [4] for some values of the Knudsen number between 0.001 and 0.1. It shows that decreases as Kn goes from 0.001 to 0.1; this result confirms that gas rarefaction reduces the friction between the gas and the microchannel/nanochannel walls. The reduction of the friction factor is stronger for rectangular microchannels/nanochannels with small channel aspect ratios. For Kn 0, the friction factor reduction reaches the minimum value of 45.5; the value of becomes 56.5% for a square microchannel/nanochannel ( c 1).
The rectangular microchannels/nanochannels with smaller channel aspect ratios have higher values of c ; hence, for these microchannels/nanochannels, the decrease of the friction factor with the Knudsen number is larger. In other words, the rarefaction effects appear to be higher in microchannels/nanochannels with smaller aspect ratios. This is due to the definition of the Knudsen number based on the hydraulic diameter of the channel.
It shows that the present values are in good agreement for smaller aspect ratios with the previous results. This can be considered a good validation of the assumptions made in the present work.
The coefficient of pressure loss can be determined from
where k ce is the sum of the contraction and expansion losses in the channel. Kleiner et al. [30] used experimental data from Kays and London [31] and derived the following empirical correlation for the entrance and exit losses k ce in terms of the channel width and fin thickness: The energy equation, Eq. (2), in dimensionless form can be written as 
In dimensionless form, it can be written as
Combining Eqs. (11) and (13), we get
In dimensionless form, first thermal boundary condition can be written as Table 2 Comparison of friction factor reduction () for microchannels/nanochannels
Friction factor reduction () is the dimensionless temperature for the solid surface. Also, from the continuity of the temperature and heat flux at the solid-fluid interface,
Combining Eqs. (15) and (16), we get
Using this boundary condition and integrating Eq. (14) with respect to , we get
From an overall energy balance on the fluid element, we get the following additional condition
Integrating Eq. (18) at 0, we get
where 0 can be determined from Eq. (18) . From the second thermal boundary condition, we get
Combining Eqs. (21) and (22), we get
By definition, the bulk temperature is given by
which gives
Combining Eqs. (23) and (25), we get (27) In dimensionless form it can be written as
Overall Heat Transfer Coefficient for the Heat Sink
The heat balance for the whole CV can be written as
where
which gives the overall average heat transfer coefficient for a microchannel/nanochannel heat sink:
with
The average heat transfer coefficient for the fin can be determined from Eq. (29), whereas h b for the UWF boundary condition was determined by Khan et al. [32] and could be written as
where Re L is the Reynolds number based on the length of the base plate and is defined as
Case Studies and Discussion
The slip-flow range (0:001 < Kn < 0:1) dictates the channel width for the flow of any gas through microchannels/nanochannels. For air ( 69:2 nm), Fig. 2 shows that the channel width ranges from 35 m to 350 nm. Qin and Li [33] have shown a novel technique in creating microchannels/nanochannels using a Nd:YAG laser in a dry process.
In these channels, the friction losses are reduced, as shown in Fig. 3 . It is demonstrated that the friction losses are highest in the continuum flow (Kn 0). As the Kn number increases, the friction losses decrease with an increase in the aspect ratio. Arkilic et al. [19, 20] demonstrated experimentally that, for nitrogen, argon, and carbon dioxide, the TMAC is found to be lower than 1, ranging from 0.75 to 0.85. The effect of these TMAC on the friction factors are shown in Fig. 4 in the slip region. It shows that the friction factors decrease monotonically as TMAC decreases and the channel aspect ratio increases. The effects of the aspect ratios on the pressure drop in the slip-flow region are investigated in Fig. 5 . It is obvious that the pressure drop is higher for lower aspect ratios. The pressure drop in microchannels/nanochannels decreases with an increase in the aspect ratios. The dimensionless heat transfer coefficient decreases with an increase in the Knudsen numbers and aspect ratios as well. This trend is shown in Fig. 6 . The effect of the Kn number is to decrease the value of the Nusselt number below its continuum value, and this reduction increases significantly with an increasing Kn number. Figure 7 shows the effect of the volume flow rate on the average heat transfer from a microchannel/nanochannel heat sink. It is obvious that the average heat transfer increases with the increase in the volume flow rate and aspect ratio.
Conclusions
The continuum momentum and energy equations are solved for laminar forced convection in two-dimensional rectangular microchannels and nanochannels under hydrodynamically and thermally fully developed conditions with the first-order velocity slip and temperature jump boundary conditions at the channel walls. Closedform solutions are obtained for the fluid friction and Nusselt numbers in the slip-flow regime. It is demonstrated that the friction losses decrease with the decrease in Knudsen numbers and the increase in the channel aspect ratios, whereas the dimensionless heat transfer coefficient for the channel decreases with the increase in Knudsen numbers and aspect ratios as well. 
